TWISTOR QUOTIENTS OF HYPERKAHLER MANIFOLDS 
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Abstract. We generalize the hyperkahler quotient construction to the sit- 
uation where there is no group action preserving the hyperkahler structure 
but for each complex structure there is an action of a complex group preserv- 
ing the corresponding complex symplectic structure. Many (known and new) 
hyperkahler manifolds arise as quotients in this setting. For example, all hy- 
perkahler structures on semisimple coadjoint orbits of a complex semisimple 
Lie group G arise as such quotients of T*G. The generalized Legendre trans- 
form construction of Lindstrom and Rocek is also explained in this framework. 



Introduction 

The motivation for this work stems from two problems. The first is the fol- 
lowing question: when is a complex-symplectic quotient of a hyperkahler manifold 
hyperkahler? A good example is the hyperkahler structure on M = T*G, where G 
is a complex semisimple Lie group (found by Kronheimer, cf. ||). The complex 
symplectic quotients of M by G are precisely coadjoint orbits of G. These carry 
hyperkahler structures by the work of Kronheimer [T^ ] , Biquard H and Kovalev 

II- 

The second motivating problem is the generalized Legendre transform (GLT) 
construction of hyperkahler metrics due to Lindstrom and Rocek |j3 . Unlike the 
ordinary Legendre transform which produces 4n-dimensional hyperkahler metrics 
with n commuting Killing vector fields, the GLT produces metrics without (usually) 
any Killing vector fields. The defining feature of these metrics is that their twistor 
space admits a holomorphic projection onto a vector bundle of rank n over CP 1 . 

It turns out that in both of these problems there is a group-like object involved, 
namely a bundle of complex groups over CP 1 which act fiberwise on the twistor 
space Z of a hyperkahler manifold. This action is also Hamiltonian for the twisted 
symplectic form of Z. Thus, whenever we have such an action, we can form fiberwise 
complex-symplectic quotient of Z giving us (in good cases) a new twistor space. 
Similarly, in the case of the GLT, the projection onto the vector bundle V should 
be regarded as the moment map for an action of a bundle of abelian groups on Z, 
which preserve the twisted symplectic form. 

We call our bundles of groups over CP 1 twistor groups. The simplest definition 
of a twistor group is a group in the category of spaces over CP 1 with a real structure. 

If a twistor group acts on the twistor space Z of a hyperkahler manifold M, 
we can interpret (in most cases) the resulting vector fields on Z as objects on M, 
namely either as higher rank Killing spinors (cf. |Q) or, in the E — H formalism 
(cf. jn|) as sections of E ® S 2l+1 H (i > 1) satisfying equations analogous to the 
Killing vector field equation (case i = 1). 
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The main purpose of this paper is to introduce the concept of twistor groups and 
their actions and to give some interesting examples. We also prove results which 
can be viewed as new constructions of hyperkahler manifolds. 



1. Twistor groups and their actions 

1.1. Twistor groups. Let X be a complex manifold. A space over A is a complex 
space Z together with a surjective holomorphic map (projection) n : Z — > X. We 
shall say that Z X is smooth if Z is smooth and n is a submersion. 

The category of spaces over X is a category with products (fiber product) and a 

final object (X —> X). In any category with such properties we can define a group 
as an object Q together with morphisms defining group multiplication, inverse, and 
the identity. Thus we define: 

Definition 1.1. A group over A is a group in the category of spaces over X. 

More explicitly, a group over A is a space Q X together with fibrewise 
holomorphic maps ■ G Xx G ^ G (multiplication), i : G i— > G (group inverse) and 
1 : A — > G (identity section) which commute with ir and satisfy the group axioms. 
In particular, for each x € X ( y TT^ 1 (x), ■ , U^)) is a group. 

Remark 1.2. Even if one is interested (as we are) primarily in smooth groups over 
A, one cannot avoid the singular ones, since a subgroup of a smooth group can be 
singular. In particular the stabilizers of smooth group actions can be singular. 

We shall be interested mostly in the case when A = CP 1 and the spaces over 
CP 1 come equipped with an antiholomorphic involution (real structure) covering 
the antipodal map on CP 1 . The category of spaces with a real structure over CP 1 
is also a category with products and a final object. Therefore we can define: 

Definition 1.3. A twistor group is a group in the category of smooth spaces with a 
real structure over CP 1 . 

Remark 1.4. Although the natural setting is the category of complex spaces rather 
than of manifolds, all our examples involve only smooth groups. In addition, the 
proofs are either simpler or work only for smooth groups. 

Let us give a few examples of twistor groups. 

Example 1.5. Let G be a complex Lie group equipped with an antiholomorphic 
involutive automorphism a. Then GxP 1 with the involution (a, a), where a is the 
antipodal map, is a twistor group which we shall call a trivial twistor group (with 
structure group G) and denote by G. 

Example 1.6. Many nontrivial examples arise as twistor subgroups of G. For ex- 
ample, if G acts fibrewise on a space Z with a real structure over CP 1 , then the 
stabilizer of any real section of Z is a twistor subgroup of G. In particular, we can 
take the adjoint action of G on Z = g <g> V, where V is a vector bundle over CP 1 
equipped with a real structure. labelsub 



TWISTOR QUOTIENTS OF HYPERKAHLER MANIFOLDS 



3 



Example 1.7. Another important twistor group is constructed as follows. Let G 
be reductive and let 6 denote the Lie algebra of the maximal compact subgroup 
of G. Let p : su(2) — * t be a homomorphism of Lie algebras. For each clement 
z = (a,b,c), a 2 + b 2 + c? = 1, of S 2 ~ CP 1 , define a subalgebra n z of g as the sum 
of negative eigenspaces of ad(ap(<7i) + bpio-i) + 0/9(03)) , where a\, 03 denote the 
Pauli matrices. Now define M as a twistor subgroup of G whose fiber at z is the 
subgroup of G whose Lie algebra is N z . It is straightforward to observe that the 
real structure of G acts on TV. We also observe that each fiber of Af is the unipotent 
radical of the parabolic subgroup of G determined by p. 

Example 1.8. A vector bundle over P 1 equipped with a (linear) real structure is an 
abelian twistor group. We observe that a line bundle 0(k) is a twistor group if and 
only if k is even. 

The last example can be generalized as follows. Let Q be any twistor group. For 
an open subset U of CP 1 denote by Qu the group over U obtained as the restriction 
of Q to U . Now suppose that we are given a covering {Ui} of CP 1 , invariant under 
the antipodal map and a fibrewise automorphism {ifiij } of QuinUj for each nonempty 
intersection U (~1 Uj. In addition we suppose that the family of <f>ij is r-equi variant, 
where r is the real structure of Q. Then gluing together Qu t via the 0»j gives us a 
new twistor group, locally isomorphic to Q. We deduce the following: 

Proposition 1.9. Let Q be a twistor group. Then the isomorphism classes of 
twistor groups locally isomorphic to Q are in bijective correspondence with elements 
of (non-abelian) sheaf cohomology group H^vCP ,A), where A(U) is the group of 
automorphisms of Qu . □ 

The subscript R denotes r- invariant elements. 

In particular, if G is a complex Lie group with an antiholomorphic automorphism, 
then we can consider twistor groups which are locally isomorphic to G. We shall 
call such twistor groups locally trivial. We have: 

Corollary 1.10. The isomorphism classes of locally trivial twistor groups with 
structure group G are in 1-1 correspondence with elements of H^iCP 1 , 0(Aut(G))) . 
□ 

We shall call a twistor group Q discrete, if each fiber of Q is discrete. The 
following example shows that twistor groups need not be locally trivial. 

Example 1.11. Let s be a real meromorphic section of 0(— 2) having poles at a pair 
of antipodal points a, — 1/a. We have a (smooth) discrete twistor subgroup C of 
0{— 2) defined as the subgroup of 0{— 2) with fiber at a and —1/a and 7Ls{x) at 
other points. 

Notice that 0(—2)/C (fibrewise quotient) is also a twistor group. 

1.2. Twistor Lie algebras. Let Q X be a smooth group over X. Then the 
normal bundle to the identity section has a natural structure of a Lie algebra over 
X (i.e. a Lie algebra in the category of vector bundles over X). We shall denote 
this space by Lie(0). In particular Lie(Q) is locally trivial as a vector bundle (cf. 


Let us consider the structure of a twistor Lie algebra C in a more detail. As 
observed in the previous section, £ is a locally trivial vector bundle and so it splits 
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as 0(pi) for some integers p\,...,p n . We choose coordinates e\, . . . , e„ for £ 
over C 7^ 00 an d ei, . . . , e„ over £ 7^ 0, so that = (~ Pi ei over CP 1 — {0, 00}. The 
fibrewise Lie bracket is given by 

n 

K e i] c = ^2fk(()ek, (1-1) 

fe=i 

n 

[ei,ej]^ = ^/fc(C)efc, (1.2) 
fe=i 

for some holomorphic functions fk = fV , fk = fl J ■ Comparing the two expressions 
for the bracket over ( ^ 0, 00, we see that fk,fk define a section of 0(pi +Pj—Pk)- 
In particular if some of these sections are nonconstant (i.e. have zeros), then C is 
locally nontrivial as a bundle of Lie algebras. 

The preceding considerations imply the following fact, which will be useful later 
on. 

Proposition 1.12. Let Q be a smooth twistor group whose Lie algebra splits as a 
sum of line bundles of negative degrees. Then Q is nilpotent. □ 

1.3. Actions of twistor groups. We now define actions of twistor groups or of 
groups over X. Once more, this is a tautological definition in any category with 
products and a final object. In our case an action of a group Q —> X on Z — * X is 
a holomorphic map 

■ -.gx x z^z 

which commutes with the projections and which is a group action on each fiber. 
An action of a twistor group is required to respect the real structures Q and Z 
(i.e. r(g ■ z) = r(g) ■ t(z)). Most notions related to (ordinary) group actions carry 
over to actions of groups over X. Thus, we shall say that the action of Q is free 
(resp. locally free) if each fiber action is free (resp. locally free). We can define 
equivariant morphisms. We also observe that for smooth groups over X we have 
canonical notions of the adjoint and coadjoint action. Finally we can define orbits 
and stabilizers of sections of Z X. 

Remark 1.13. In the case of an action on a twistor space of a hyperkahler man- 
ifold M, we shall also speak of Q acting on M. Similarily, if s is a twistor line 
corresponding to a point m in M, we can speak of the stabilizer of Q at m £ M 
etc. 

We shall be particularly interested in the following types of actions. 

Definition 1.14. Let a smooth twistor group Q ^ CP 1 act on a twistor space 
Z CP 1 . We shall say that the action is symplectic (resp. Hamiltonian) , if the 
action is symplectic on each fiber for the twisted symplectic form uj on Z (resp. if 
it is symplectic and if there is a holomorphic map \i : Z — > Lie(£)* ® 0(2) which is 
the moment map for the twisted symplectic form oj on each fiber). 

Example 1.15. Let a compact Lie group K act on a hyperkahler manifold M by 
hyperkahler isometries and suppose that this action extends to the action of K c 
for each complex structure of M. Then the trivial group K c acts symplectically 
on Z. Consequently, any twistor subgroup of K c acts symplectically on Z. If the 
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action of K is tri-Hamiltonian, then the action of K and any of its twistor group 
subspaces is Hamiltonian. 

Example 1.16. Let M = H so that Z = 0(1) 0(1). Then the twistor group 
0(1) © 0(1) acts on Z via fibrewise addition. This action is symplectic, but not 
Hamiltonian. 



Example 1.17. (Atiyah-Hitchin manifold). This is an example of a Hamiltonian 
action of a twistor group (namely 0(— 2)) which does not arise from any hyperkahler 
group action. Let M be the hyperkahler manifold of strongly centered monopoles 
of charge 2, i.e. the double (or universal) cover of the Atiyah-Hitchin manifold. 
With respect to any complex structure it is biholomorphic to the space of degree 
2 rational maps of the form p(z)/q(z) where q(z) = z 2 — c and p(z) = az + b with 
b 2 — ca 2 = 1. Let (3 denote any of the two roots of q. The complex symplectic form 
is given (on the set where c ^ 0) by w = d p(0) ^ ^P- The twistor space Z of M is 
essentially given by requiring that (3 is a section of 0(2) while p((3) is a value of a 
certain line bundle L~ 2 on 0(2) 0. We define an action of C on M by 

cosh A/3 2iB|M o' 
[3 sinh \(3 cosh A/3 
1 

Here (3 = ±y/c. This action sends p{(3) to e xf3 p{(3) and so it respects the complex 
symplectic form u>. By looking at the transition functions for the twistor space Z we 
conclude that this action extends to the fibrewise action of 0(— 2) on Z. One can 
check that the real structures are compatible with this action. This action is locally 
free and the orbits of tw istor lines are isomorphic to the twistor groups 0{—2)/L 













■( 










defined in example 1.11. Finally, this action is Hamiltonian and the twistor lines 
of Z project via the moment map fx : Z — > 0(4) to the spectral curves of the 
monopoles. 

We have an obvious restriction on twistor groups which can act locally freely at 
any twistor line. 

Proposition 1.18. Suppose that a twistor group Q acts on a twistor space Z and 
that the action is locally free at some twistor line s. Then lAcQ is the sum of line 
bundles of degree at most one. 

Proof. We have an injective morphism i : C — > 0(1) ® C™ of vector bundles over 
CP 1 . □ 

For Hamiltonian actions the restriction is more severe. 

Proposition 1.19. Suppose that there is a Hamiltonian action of a twistor group 
Q on a twistor space Z which is locally free at some twistor line. Then Lie Q is the 
sum of line bundles of degree at most zero. □ 

1.4. Quotients and principal bundles. An action of a twistor group Q on a 
space Z CP 1 defines an equivalence relation R C Z x Z: (z\,z-i) G R 
p{z\) = p{z2) =■ C an d Zi,Z2 are in the same orbit of G(- Equivalently, R can be 
viewed as a subspace of Z x CP i Z over CP 1 . A quotient of Z by this relation is 
a topological space Z/Q which also has a natural structure of C-ringed space. We 
define 
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Definition 1.20. An action of Q on a smooth Z is called regular, if Z/Q is a smooth 
space over CP 1 and the natural projection it : Z — > Z/tJ is a submersion. 

A theorem of Godement (|L(|, Part II, Thm. 3.12.2) gives us a necessary and 
sufficient condition for regularity: 

Proposition 1.21. An action of a twistor group Q on a smooth Z is regular if and 
only if R is a smooth closed subspace of Z x CP i Z over CP 1 . In particular, if the 
action is free, then it is regular if and only if the quotient Z/Q is Hausdorff, i.e. R 
is a smooth closed subspace of Z Xcpi Z over CP 1 . 

Suppose now that the action of Q on Z is free and regular. Then we shall call Z 
a principal Q -bundle over T := Z/Q. We can classify these as follows: 

Proposition 1.22. Let T A CP 1 be a smooth space over CP 1 equipped with a 
real structure. The set of isomorphism classes of principal Q-bundles over T is in 
bijective correspondence with elements of H^ L {T,0(p*Q)) . 

Proof. Let P be a principal ^-bundle over T and let 7r Q : p*Q — > T denote the 
"trivial" (/-bundle. Since the projection 7r : P — ► T is a submersion, it admits local 
sections through every point. Therefore we have C/p^j-equivariant isomorphisms 
hi : 7r~ 1 (C/i) — > 7r _1 (f7i) for some covering Ui of T. For each nonempty intersection 
Ui H Uj we have the transition function </>y = hjh~ l which is a (J-cqui variant 
(fibrewise) automorphism of n^ 1 (Ui H Uj). Let G denote a particular fiber of p*Q 
and let (j> denote faj restricted to this fiber. Thus <j) : G — > G and <j)(gx) — g<j)(x) 
for any x € G. Therefore (j> is determined by the value of (f)(1). One checks that the 
cocycle conditions for local equivariant automorphisms of p*Q and for local sections 
of p*Q coincide, and this concludes the proof. □ 

1.5. Orbits and homogeneous spaces. The definition of an orbit of a twistor 
group as an orbit of a section is quite inadequate. We remark that in the case of an 
action • : G X M — * M of a Lie group G on a manifold M , an orbit can be defined 
in two ways: 1) as the image of a point m under the mapping -m : G — * M , or 2) 
as a G- homogeneous G-invariant submanifold of M. The second definition is more 
suitable in the case of twistor groups. 

Definition 1.23. Let a twistor group Q CP 1 act on a space Z over CP 1 equipped 
with a real structure r. An orbit of Q is a r-invariant C?-homogeneous subspace of 
Z. 

Thus to know the structure of possible orbits we should classify the homoge- 
neous (/-spaces. For example, if Q is vector bundle (with additive group structure), 
then Q acts transitively on any affine bundle A (equipped with an appropriate real 
structure) such that the linear part of its transition function coincides with the 
transition function of Q . Thus A is an orbit of Q. 

Firts of all we have 

Proposition 1.24. Let TL be a closed twistor subgroup of a twistor group Q . Then 
Q/Ti is a smooth homogeneous Q -space. 

Proof. Since the projection Q — > CP 1 is a submersion, Q admits local sections 
through every point. Let <?(£) be such a section over an U C CP 1 . Consider 
Lie(Q) and its subalgebra Lie(W). By taking a smaller U, we can assume that 
Lie(Cf) is trivial as a vector bundle over U. Therefore there is a subbundle V of 



TWISTOR QUOTIENTS OF HYPERKAHLER MANIFOLDS 



7 



Lie(£f)|[/ complementary to Lie(TL). V is also trivial and we have local section 
ei, . . . , e m , which provide a basis of Vq for each £. Then the map (£,vi, . . . ,v m ) i— > 
exp ? (uiei(C) + - ■ •+Wme r n(C)) composed with the projection C? — > /TL provides 
a local coordinate system on Q/TL. Here exp^ denotes the fibrewise exponential 
mapping. The fact that Q admits a local section through every point implies that 
so does Q /TL and hence the projection Q /TL — > CP 1 is a submersion. □ 



From Proposition 1.22 we already know homogeneous (/-spaces on which Q acts 
freely: they are given by elements of H^(CP 1 ,0(Q)). In fact, the same argument 
allows to classify homogeneous (/-spaces which are locally isomorphic to Q/TL: 

Proposition 1.25. Let TL be a closed twistor subgroup of Q. The set of isomor- 
phism classes of homogeneous Q -spaces which are locally isomorphic to Q/TL is in 
bijection with elements of (CP 1 , 0(N(TL)/TC) s ), where N(TL) denotes the nor- 
malizer of TL. 



Proof. We proceed as in the proof of Proposition 1.22 obtaining transition func- 
tions 4>ij for such a homogeneous space, which are (J-equi variant (fibrewise) au- 
tomorphisms of ir~ 1 (Ui n Uj), where tt denotes the projection Q /TL — ► CP 1 . Let 
G and H denote a particular fiber of Q and TL and let <f> denote 4>ij restricted to 
this fiber. Thus : G/H -> G/H and <j>{gx) = g<p(x) for any x G G/H. Thus 
<j) is determined by the value of <fr(H). Suppose that <j>(H) — pH . Then, since 
4>{H) = 4>(hH) = h(j)(H) = hpH, p G N(H) and such <j>' s are in 1-1 correspondence 
with elements of N(H)/H. Once again the cocycle conditions for local equivari- 
ant automorphisms of Q /TL and for local sections of N(TL)/TL coincide, and this 
concludes the proof. □ 

In general, there is no reason why a homogeneous (?-space should be locally 
isomorphic to a fixed Q /TL. We have, however: 

Proposition 1.26. Let a twistor group Q act transitively on a smooth space W in 
such a way that, for each £ G CP 1 , the stabilizer of the action of the fiber G^ on 
Wq is a normal subgroup of Gq. Then there exists a closed normal subgroup TL of 
Q such that W is locally isomorphic to Q/TL. 

Proof. Since W is smooth, the projection p on CP 1 is a submersion, and so local 
sections of W exist. Using the transitivity, it follows that locally p _1 (J7) is Qjj- 
equivariantly isomorphic to Qxj / H(U), where H(U) is a subgroup of Q\j. Consider 
the intersection of two such sets JJ\ and Ui and proceed as in the proof of the previ- 
ous proposition. This time, on each fiber, we have a G-equivariant diffcomorphism 
4> from G/Hi to G/Hi- As in the previous proof, <f> is completely determined by 
its value on H\, say pH2- It follows that p^ Y Ll\p = H2, and since Hi is normal, 
Hi = H-2- Therefore there is a subgroup TL of Q whose restriction to each U is 
H(U). □ 

2. Negative twistor groups and deformations of hyperkahler 

structures 

Let a twistor group Q act regularly (i.e. the quotient is smooth) on a twistor 
space Z of a hyperkahler manifold M (i.e. Z/Q is smooth and the natural projection 
7r : Z — > Z/Q is a submersion). The space Z/Q over CP 1 has an induced real 
structure and the pre-image tt~ 1 (s) of any real section of Z/Q is a (/-orbit in the 



sense of definition 1.23. Therefore we define 
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Definition 2.1. With the above assumptions, the (real-analytic) space of real sec- 
tions of Z/Q — > CP 1 is called the space of Q -orbits and is denoted by M/Q. 

We have a natural map p : M — ► M/Q obtained by projecting the twistor lines 
corresponding to points of M to Z/Q. Consider a section s of Z/Q corresponding 
to such 7t(to), m <E M. Suppose that the action of Q is locally free. If L denotes 
Lie((?), we have an exact sequence of vector bundles: 

0^ E^TY(Z/Q)^0, (2.1) 

where V denotes the vertical bundle and E is the normal bundle to the twistor 
line, i.e. 0(1) <g> C 2 ™. It follows that the normal bundle N to s in Z/Q splits as the 
sum of line bundles of degree at least 1. Therefore H^(CP , O(N)) = and the 
well-known theorem of Kodaira shows that any section of N can be integrated to 
a deformation the section s. This makes a neighbourhood of p(M) in M/Q into a 
smooth manifold of dimension dimM — h°(L) + h l (L). 

We shall now restrict our attention to a special kind of twistor groups. We adopt 
the following definition 

Definition 2.2. A twistor Lie algebra C is called negative if it is a direct sum of 
line bundles of negative degree. A smooth twistor group is called negative if its Lie 
algebra is negative. 

We also adopt the convention that the identity twistor group Id : CP 1 — * CP 1 
is also negative. 

We have the following simple properties of negative twistor groups which are 



consequence of Proposition 1.12 and the considerations preceding it: 

Proposition 2.3. (1) A negative twistor group is nilpotent. 

(2) Any twistor group Q contains a unique maximal negative subgroup N(Q). 

(3) If IAe(Q) is a direct sum of line bundles of nonpositive degree (e.g. there is 
a Hamiltonian action of Q on some twistor space), then N(Q) is a normal 
subgroup of Q and Q/N(Q) is a trivial group (with some structure group H). 
□ 

It is easy to classify smooth twistor groups whose Lie algebra is a fixed negative 
C First of all, there exists a unique twistor group Q with simply connected fibers 
and such that lAe(Q) = C. Indeed, as a manifold Q = L and, since every fiber of 
£ is a nilpotent Lie algebra, the fibrewise multiplication in Q is determined by the 
Campbell-Hausdorff formula. 

By doing things once again fibrewise, we conclude that any other twistor group 
with the same Lie algebra is of the form Q/T> for some (fibrewise) discrete twistor 
subgroup of the center of Q. 

We shall usually denote negative twistor groups by the letter Af. 

For us, the importance of negative twistor groups follows from the following 
observation: 

Proposition 2.4. Let a negative twistor group Af act regularly a hyperkahler man- 
ifold M . Then p : M — » M/M is an imbedding. 

Proof. To see that p is an immersion observe that dp at any point of M, i.e. at 
a section of Z, is given by the long exact sequence of cohomology induced by 
(pj|). Since Pf^CP 1 , L) = 0, dp is injective. Let us show that p is injective M/M 
corresponds to A/"-orbits in M. The map p assigns to a section of the twistor space 
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Z , corresponding to a point m S M, its TV-orbit. Thus p fails to be an imbedding 
if an orbit of a section of Z admits more than one section. Since such an orbit 
W admits a section, it is of the form Af/H for some closed twistor subgroup (not 
necessarily smooth) H of TV. Since W admits two sections, TV contains two different 
copies of TL and so two different sections. Now TV is of the form Q /T> where Q is 
isomorphic to Lie(TV) and repeating the argument implies that Q and so Lie(TV) 
contains two sections which is impossible. □ 

Now suppose that the action of Af on Z is, in addition to being regular, almost 



free. Then, according to Proposition 1.22. the fibration Z — > Z/Af comes from a r- 



invariant element of H^(Z/Q, 0(Af)). Restricting this cohomology class to sections 
of Z/Q gives us a map 

A : M/Af - /^(CP 1 , 0{Af)). (2.2) 

At this point a remark about the structure of H^CP 1 , 0(Af)) is in order, ft is 
not a group, unless Af is abelian. It does have, however, a prefered element 1 
(corresponding to Af). In addition, it has a natural structure of a smooth manifold, 
with charts diffcomorphic to H^(CP , Lic(TV)) ■ We observe that the map A is 
a smooth, with the differential defined as follows. Let A be an TV-orbit in Z, 
corresponding to an element tt(A) of M/Af. Then we have an exact sequence of 
vector bundles 

- (T v A)/Af - (Tjz)/Af - T% w (Z/Af) - 0, (2.3) 

where the action of Af on T v Z is the tangent action along the fibers. The differential 
of A at tt(A) is then the induced map 

dK [A) : Hi (n(A),T^ (A) (Z/Af)) -> H^A/Af, (T V A)/Af) ~ H^(CP\Ue(Af)) . 

(2.4) 

We observe that A -1 (1) corresponds to TV-orbits possesing a section and so, from 
the previous proposition, to M. In general, for any A, A _1 (A) parameterizes orbits 
of the fixed type A. We claim that M\ := A -1 (A) carries a natural hyperkahler 
structure, which should be viewed as a deformation of the hyperkahler structure of 
M. More precisely: 

Theorem 2.5. Let a negative twistor group Af act regularly, almost freely, and 
symplectically on a hyperkahler manifold M 4 ". Then there exists a smooth neigh- 
bourhood U of M in M/Af such that A is a submersion on U and, for any A G 
H jj(CP , 0(Af)), M\ := A _1 (A) n U carries a natural hyperkahler structure. Fur- 
thermore, with respect to each complex structure, M\ is isomorphic, as a complex 
symplectic manifold, to an open subset of M . 

Remark 2.6. Completely analogous result holds for hypercomplex manifolds. 

Proof. We consider the vector bundle F = (T v Z)/Af on Z/Af. Over a section 
obtained by projecting a twistor line s in Z, this bundle is just the normal bundle 
of s, and so O(l) <B> C 2n . By standard semi-continuity theorems, F is 0(1) £g> C 2n 
when restricted to neighbouring sections, i.e. to a neighbourhood U of p(M) ~ M 
in M/Af. Then (EO) and (O) show that A is a submersion on U. Thus M\ = 



A 1 (A) n U is a submanifold of M/Af. The tangent space T p M\ is the space of 
real sections of F\ s u,\, where s(p) is the section of Z/Af given by p. This is the 
same as (fT\Z)/Af where A is the TV-orbit in Z, whose projection is s(p). Wc 



10 



ROGER BIELAWSKI 



have an 0(2)-valued complex-symplectic form on the fibers of (T\Z) /Af, given 
by £>([a], [&]) = ui(a,b), where u> is the given form on Z and the representatives 
a, b are tangent to the same point of A. Since Af acts symplectically, this does 
not depend on the choice of point in A. We notice that on each fiber over CP 1 
this is canonically isomorphic to to on this fiber. In particular Co is nondegenerate 
and closed. Now, as in the proof of Theorem in ||, we obtain a hyperhermitian 
structure on M\ . The above isomorphisms on each fiber give us local isomorphisms 
of complex structures (essentially {Zq x Nc)/Nq ~ Z^) proving their integrability 
and proving the theorem. □ 

The above proof allows us to identify the twistor space of M\. Let W\ be a 
principal TV-bundle over CP 1 corresponding to a A £ H^(CP\0(Af)). Let Z be 
the twistor space of M and consider the diagonal action of Af on Z — > W\. Then 
Z\ = (Z x CP i W\\ /Af is the twistor space of M\ (i.e. M\ is the family of sections 
of Z\ with correct normal bundle) . We observe that Af does not necessarily act on 
Z\. It acts only if Af is abelian. In general case, we obtain an action of another 
negative twistor group Af\ , locally isomorphic to Af and obtained by gluing pieces 
of Af by inner automorphisms corresponding to local sections of Af determined by 
A £ H^(CP 1 ,0(Af)) (for A close to 1, the Lie algebra of Af\ must be negative). 



3. Twistor quotients 

We now wish to associate a "quotient" to a hyperkahler manifold with a twistor 
group action. Essentially, this quotient is formed by taking the complex symplectic 
quotients along the fibers of the twistor space. 

Let therefore a twistor group Q CP 1 act on the twistor space Z — > CP 1 of 
a hyperkahler manifold M. We suppose that this action is Hamiltonian with the 
moment map [i : Z — » C* ® 0(2). Here C = Liet/. 

Let s be a twistor line in Z . Then /i o s is a real section of C* ® 0(2). Let 
S — (/i o s)(CP 1 ) and suppose that the fibrewise quotient of n~ 1 (S) by Stab(/i o s) 
(stabilizer of coadjoint action) is a manifold (fibering over CP 1 ), which we denote 
by Zrcd- It inherits the real structure, the twisted complex-symplectic form along 
the fibers and a real section s, induced by s. Thus, if Z rec j contains a real section 
(e.g. s) whose normal budle is the sum of line bundles of degree 1, then Z rc & is a 
twistor space of a pseudo- hyperkahler manifold, which we denote by M//Q. We 
shall call this construction the "twistor quotient. If M has dimension 4n and the 
complex dimension of the fiber of Lie<? is to, then M//Q has dimension An — Am. 

What we need then are conditions which guarantee that Z Te d has sections with 
correct normal budle. First of all, if the action of Q is locally free at s, then the 
normal bundle of s in Z re ^ is L ± /(Ln L ), where L is the subbundle of the normal 
bundle of s in Z generated by the Lie algebra of Q and the orthogonal is taken with 
respect to the twisted symplectic form. Let us make the following definition. 

Definition 3.1. Let s be a twistor section of a twistor space Z — > CP 1 of a hy- 
perkahler manifold M on which there is a locally free Hamiltonian action of a 
twistor group Q. We shall say that s is Q -admissible if L 1 - j(L n L 1 -) is the sum of 
line bundles of degree 1. 

Thus, if s is tj-admissible and Z re d is a manifold in a neighbourhood of s, then 
Z rc d is a twistor space of a pseudo-hyperkahler manifold. We now have: 
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Proposition 3.2. Let TL be a twister subgroup of a twistor group Q such that 
Lie(£?)/ Lie(W) is the sum of line bundles of degree 1. Suppose that we have a locally 
free Hamiltonian action of Q on a Z — > CP 1 with a moment map [i. Then any 
Q-admissible twistor section s of Z such that /i o s is Q -invariant, is TL- admissible. 

Proof. As above, let L denote the subbundle of the normal bundle of s generated 
by the action of Q. Since Q acts locally freely at s, L ~ Lie(Q) as vector bundles. 
Furthermore, since \i o s is C/-invariant, L C L . Let P denote the subbundle of L 
generated by Tt. We have to show that P jP is the sum of line bundles of degree 
1. We observe that it is enough to show that if 1 ((P^ L /P)*) = 0. Indeed, this 
implies that P ± /P is the sum of line bundles of degree at most 1, and since we also 
have the isomorphism P^/P ~ (P^/P)* <g) 0(2) given by the ui, all line bundle 
summands in P /P have degree 1. 

To show that if 1 ((P-L/p)*) = it is sufficient to show that the map P°((P- L )*) -> 
H°(P*) is surjective (as P 1 - is a subbundle of the normal bundle of s - sum of line 
bundles of degree 1 - therefore PT 1 ((P J -)*) = 0). We have the following embeddings 
of vector bundles 

P<-* L^> L 1 - <^> P- 1 . 
We shall show that the dual of each of these maps is surjective on H° by showing 
that H 1 of each quotient vanishes. For the first one, PT 1 (L/P)*) = by our 
assumption. For the middle map this follows from the fact that L /L is the sum 
of C(l)'s (by assumption, s is ^-admissible). For the last one, we have to show 
that H 1 ((P^/i- 1 )*) = 0. The form ui and Serre duality show that this cohomology 
group is the same as if°((P/L)*) which again vanishes by our assumption. □ 

There are two cases, when a twistor section s is automatically (J- admissible: 1) if 
Q is trivial twistor group G; and 2) if L ~ Lie(Cy) is a Lagrangian subbundle of the 
normal bundle of s. This second condition holds, e.g., in the case of the generalized 
Legendre transform. We make several other remarks: 

Remark 3.3. A necessary condition for Lie(G)/ Lie(7i) to be the sum of C(l)'s is 
that, as a vector bundle, Lie(fi) = Yl®(~ Pi) w i tn J2p* — ^ where d is the fiber 
codimension of TL in G. 

Remark 3.4. The sufficient condition of this proposition is particularly useful when 
dealing with abclian twistor groups. If both G and TL are abelian (e.g. vector bun- 
dles) , and the numerical condition of the previous remark is satisfied, then a generic 
embedding of TL into G gives a twistor quotient. Thus, for example, if there is a 
locally free 3-Hamiltonian action of R 3 (effective or not) on a hyperkahler manifold 
M which extends to an action of C 3 with respect to each complex structure, then a 
generic embedding of 0{— 2) (compatible with real structures) into C?_ satisfies the 
condition of Proposition |3.2j. 



There also is a simple necessary condition in the setting of Proposition 3.2 
Namely, since (in the notation of the proof of that proposition) L/P <—* P^/P, we 
need that Lie((?)/ Lie(TL) is the sum of line bundles of degree at most 1. Thus we 
shall not find twistor quotients by 0{— 4) embedded into C 3 . 

Let us turn to examples. 

Example 3.5. Santa Cruz [0] constructed twistor spaces of hyperkahler metrics on 
coadjoint orbits of complex semisimple Lie groups (see also M). He associates 
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such a metric to any real section (spectral curve) s of g ® 0(2), whose fibrewise 
stabilizers have constant dimension. Here g is the Lie algebra of a Lie group G. His 
construction can be interpreted as a twistor quotient of the hyperkahler metric on 
T*G (cf. ||) by the trivial twistor group G, where the level set of the moment map 
is chosen to be s. In other words the resulting twistor space is fi~ 1 (s) /Stab(s) , i.e. 
the fibrewise complex-symplectic quotient of the twistor space of T*G by G. 



Example 3.6. Many interesting metrics can be constructed as twistor quotients by 



the group Af defined in Example 1.7. Thus whenever we have an effective triholo- 
morphic and isometric action of a compact Lie group G on a hyperkahler manifold 
M we can form a twistor quotient of M by A/". This is a reinterpretation of the 
construction given in H. 

In particular, the natural hyperkahler metric on the moduli space of SU (2)- 
monopoles of charge k can be obtained as such a quotient of T*Gl(k, C). Also the 
ALE spaces can be obtained as such quotients of coadjoint orbits with Kronheimer's 
metric {§. 

It is possible to know the metric on the twistor quotient of M, if we know the 
metric on the deformations M\ of Theorem [2.5| . First of all, since a twistor group 
Q, by which we quotient, admits a chain of subgroups Q = Q\ C . . . C Qu, such that 
each subgroup is normal in the previous one and Gi/Qi+i is abelian for i < k — 1 
and trivial for i — k — 1, a twistor quotient by an arbitrary group reduces to 
twistor quotients by abelian twistor groups and to hyperkahler quotients. We shall, 
therefore, assume for the remainder of the section that Q is abelian. In this case 
the moment map fi : Z — > Lie(Q) ® 0(2) descends to Z/Q. 

Let us choose local complex coordinates u\, . . . , «„, z\, . . . , z n in a fiber Z^ of Z ', 
so that U\, . . . , Uk correspond to Qq and z%, . . ■ , Zk give us the complex moment 
map for Qq. The remaining coordinates give complex coordinates on M/ /Q 

Since fj, descends to Z/Q, we have a corresponding map 

$:M//S^r(Lie(a)<g>0(2). 

MJ/Q can be identified with ^ 1 (v ), for some v e V = F(Lie(£) ® 0(2). The 
coordinates on M/Q are Uk+i, ■ ■ ■ ,u n , z\, . . . , z n and the remaining (apart from 
01, ... , Zk) coordinates of V . Now, on each deformation A" 1 (A) C M/Q of Theorem 



2.5 we have a Kahler potential 

K\(ui, . . . ,u n , zi, . . . , z n ) = K(u k +i, ■ ■ ■ ,u n , Zk+i, ■ ■ ■ , z n , v) 
where v varies over V. The Kahler potential for M/ /Q is then 

K(iik+i, ■ ■ ■ ,u n ,Zk+i, ■ ■ ■ ,z n ) = (ufe+i, . . . ,u n ,Zk+i, ■ ■ ■ ,z n ,vo). 



4. The generalized Legendre transform 

Linndstrom and Rocek JTi] found several constructions of hyperkahler metrics, in 
particular two based on the Legendre transform. The simpler one produces precisely 
hyperkahler metrics in 4n dimensions with a local tri-Hamiltonian (hence isometric) 
action of R™. The second one, the generalized Legendre transform (GLT), produces 
metrics which generically don't have triholomorphic vector fields. 

In the simplest case of 4-dimensional metrics, such a metric is associated to 
a real-valued function F on R 2fc+1 , k > 2, with coordinates wq, . . . ,W2k € C, 
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W2k~i — {— \) k+l which satisfies the system of linear PDE's: 

for all i,j,s. The hyperkahler metric lives on the submanifold of M. 2k+1 , defined 
by the equations F Wt = 0, for 2 < i < 2k — 2. An example of a metric which can 
be constructed using the GLT is the Atiyah-Hitchin metric or other SU{2)- 
monopole metrics [ fuj| . 

In |Tl| l , Ivanov and Rocek gave an interpretation of metrics constructed via GLT 
in terms of twistor spaces. They show that the twistor space Z of such a manifold 
M has a projection p onto 0(2k) (or at least an open subset of it, invariant under 
the real structure). Moreover the kernel of dp is a Lagrangian subbundle of T v Z. 
We can interpret this as saying that there is a local action of the twistor group 
0(—2k + 2) on Z. The projection onto 0(2k) is the moment map, and 0(2k) can 
be identified (if the fibers of p are connected) with Z/0(— 2k + 2). The vector space 
M 2fc+i is M/0{-2k + 2) and the equations F Wi = 0, for 2 < i < 2k - 2, which 
determine M, are equivalent to setting the A of ( |2.2| ) equal to zero. 

A similar interpretation holds for higher dimensional hyperkahler metrics con- 
structed via the generalized Legendre transform. This construction produces 4n- 
dimensional metrics which admit a local Hamiltonian action of an n-dimensional 
abelian twistor group. 
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